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Analogy-Based Method for Solving Compressible
and Incompressible Flows

M. Darbandi* and G. E. Schneiderf
University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

The different natures of compressible and incompressible governing equations of fluid flow generally
classify the solution methods into two main categories of compressible and incompressible methods. The
main purpose of this paper is to introduce an analogy that extends incompressible methods to solve
compressible flows using the analogy of flow equations. In this analogy, the selected momentum compo-
nent variables play a significant role in transferring the individual characteristics of the two formulations
to a common basis. To develop the methodology, a control-volume-based finite element approach is used
to solve the governing differential equations for a collocated grid distribution. The definition of two types
of mass flux components at the surfaces of the control volume removes the possibility of velocity - pressure
decoupling in the Euler limit. The analogy-based method is demonstrated by testing a number of selected
cases. A highly recirculating problem, entrance flow, and the nozzle flow are among those for which
results are presented here. These results demonstrate excellent performance of the analogy and the re-

sulting methodology.

Nomenclature

= specific heat at constant pressure
normal vector to surface
convection fluxes
X-momentum component, pu
y-momentum component, pv
enthalpy

Mach number

pressure

conserve quantity vector
gas constant

diffusion fluxes

Reynolds number
temperature

velocity components
volume of control volume
global Cartesian coordinates
time

viscosity

local nonorthogonal coordinates
density

= stress tensor components
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Superscripts
o = previous time-step value
- = lagged from previous iteration

Introduction

ECAUSE of the difference in nature between incompress-
ible and compressible flows, different computational
schemes have been developed through the years to treat these
two types of flows. Meanwhile, there have been many efforts
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to extend the range of applicability of incompressible methods
to solve compressible flow,"> and vice versa.> The simulta-
neous solution of the governing equations in compressible
methods enhances the stability, compared with the segregated
approaches of the incompressible techniques.* However, the
speed of sound approaches infinity in the incompressible limit;
implementing compressible codes for simulating incompress-
ible flow is not computationally efficient.” In other words,
time-marching codes become inefficient and convergence de-
teriorates because the hyperbolic time-dependent Navier-
Stokes equations are stiff. Briley et al.” rescaled the equations
to improve convergence; however, the performance and ac-
curacy of their time-dependent compressible schemes are in-
adequate for Mach numbers less than 0.05.

There are methods to reduce the difficulty of solving low-
Mach-number compressible flows. One method is precondi-
tioning, which modifies the time term. This can be made to
appear as a new matrix multiplying the time term in the vector
form of the system of equations.® It was shown that the slow
convergence of incompressible and compressible methods at
low Mach numbers can be improved by scaling the eigenval-
ues and preconditioning the system of equations.” The latter
method was extended to viscous flow applications with a wide
range of flow regimes, from very low Mach numbers to su-
personic flows.® In addition to the preconditioning method,
other techniques, such as perturbation” and flux-vector split-
ting,'” have been developed to reduce the low-Mach-number
difficulties.

In addition to the preceding methods, which are mainly con-
cerned with the difficulties of solving low-Mach-number flows,
there are methods that attempt to solve flow at all speeds.
These methods are mostly the extension of incompressible
methods for solving compressible flows. Hence, they choose
pressure as the dependent variable in their primitive variable
algorithms. Karki and Patankar'' present a segregated proce-
dure using a control-volume approach with a staggered grid
arrangement. They do not test low-Mach-number cases. Their
results are smeared in the vicinity of shocks from excessive
numerical dissipation. Karimian and Schneider'* present a con-
trol-volume-based finite element approach in a collocated grid
distribution. Their implicit method is strengthened by employ-
ing damping mechanisms, which are critical for solving flows
with shocks."” Karimian and Schneider'” do not report the per-
formance of their method for very low speed cases. Chen"



240 DARBANDI AND SCHNEIDER

uses a pressure-based procedure to solve compressible and in-
compressible flows within a semi-implicit finite difference al-
gorithm. Artificial dissipation is included in the algorithm. De-
spite presenting good results for subsonic to hypersonic test
cases, no evidence is provided for good performance of the
code in solving compressible flow with Mach numbers less
than 0.2. Chen and Pletcher'® solve the Navier- Stokes equa-
tions in a strongly implicit procedure using a finite difference
scheme. They encounter difficulties for solving low-Mach-
number flows (M.. ~ 0.01). They solve the driven cavity prob-
lem and report that for Mach numbers lower than 0.01 the
number of iterations required increases by orders of magni-
tude. This low efficiency at low Mach numbers was improved
by preconditioning the equations.'® Similarly, Van Doormal et
al."” extend SIMPLE-based methods to solve incompressible
and compressible flows; however, the performance of the
method for solving low-Mach-number flows was not reported.
Generally speaking, choosing pressure, rather than density, as
a dependent variable may enhance the ability of compressible
methods to solve low-Mach-number speeds. However, this
does not necessarily result in Mach number-independent con-
vergence behavior for low-Mach-number flows. Experience
shows that the pressure-based methods discussed in the pre-
ceding text encounter serious limitations when solving low-
Mach-number flows.

Following the methods for solving both compressible and
incompressible methods, Darbandi and Schneider'®'"” presented
a new pressure-based algorithm that uses momentum compo-
nents as the dependent variables, instead of the usual velocity
components that were chosen by previous all-speed workers.
They solve the Navier- Stokes equations using a control-vol-
ume-based finite element method in a fully implicit algorithm.
Their approach is different from that of Schneider and Kari-
mian'>* in using different dependent variables and in exclud-
ing the damping mechanism. The former difference may result
in advantages like simplifying the linearization procedure, ex-
hibiting fewer oscillations passing through a shock," etc. On
the other hand, there is a strong flow analogy between com-
pressible and incompressible formulations that enables existing
incompressible flow procedures to solve compressible flow.
This analogy is developed in the present work, and its perfor-
mance is illustrated by its application to various test cases from
very low to supersonic Mach numbers. It is important to note
that the emphasis here is on implementation of the analogy
and not on equation solver specifics. The main concern of this
paper is subsonic and low-Mach-number flows. However, the
converging-diverging nozzle problem results with shock are
presented; other supersonic problems are considered else-
where.” The present method is free from employing any
damping mechanism or explicit artificial viscosity whatsoever.

Governing Equations

Assuming a Newtonian fluid, with constant viscosity and
conductivity, that obeys Stokes’ law, the two-dimensional Car-
tesian form of the equations is given by

[orn o5
ig ¥ ) _ IR  3T(g)
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(1)

where g = ({p}, pu, pv, pe)”, and convection and diffusion flux
vectors are given by

F = (pu, pu” + p, puv, puh)” (2a)
G = (pv, pvu, pv> + p, pvh)” (2b)
R =(0, T, Tuyr 0" (3a)
T =0, Ty Ty 7)) (3b)

The components of the stress tensor are given by T.. = 2pu,
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Fig. 1 Domain discretization.

= (A + V), 7 = 2, — {Spue + vy, and T, = T,
=w(u, + v,). Energy dissipation components are o, = ut,, +
VT, — ¢, and o, = ut,, + v1,, — ¢,. The components of the
heat flux vector are given by g, = —kdt/dx and g, = —kdt/dy.
The terms inside braces vanish in the incompressible limit.
One more equation is needed to close the preceding system of
equations. The equation of state is the desired equation. For a
calorically perfect gas, it is p = pRt. Alternatively, for the in-
compressible flow case, the equation of state can be written as
p = constant.

Domain Discretization

Before introducing the analogy and discretizing the govern-
ing equations, it is necessary to discretize the calculation do-
main in some fashion. Here the control volume method of Ref.
22 is followed. In this approach, the calculation domain is
divided into a number of quadrilateral elements. Nodes are
located at the corners of each element and will be the locations
of all problem unknowns (Fig. 1). This grid arrangement is
called a collocated grid. A local nonorthogonal coordinate sys-
tem (& m) is defined inside each element. Finite element shape
functions will be used to relate the global (x, y) and local (&,
M) coordinates to each other. As seen in Fig. 1, each element
is broken up into four subelements or subcontrol volumes by
& = 0 and m = O lines. The conservative treatment of the gov-
erning equations requires several integrations, which are ap-
proximated by the midpoint approximation for each line seg-
ment or subsurface. These midpoints are denoted as integration
points ip, shown in Fig. 1 as crosses, and are the locations at
which an approximation to the nonconservative governing
equations will be used to determine advected quantities. How-
ever, the use of the nonconservative form of the equations for
this sub-grid-scale modeling in no way affects the fully con-
servative nature of the overall formulation.

Flow Analogy

As mentioned in the Introduction, preconditioning, pertur-
bation, and flux-vector splitting enable the numerical model to
bridge the gap between a fully compressible formulation and
one that can be viewed as a pseudocompressible formulation.”
This does not provide a mechanism for existing incompressible
methods to be used to solve compressible flows. A study of
the governing equations shows that there is an analogy be-
tween the governing equations for incompressible and com-
pressible flows that enables incompressible flow methods to
solve compressible flows. This can be made by choosing mo-
mentum components as the dependent variables. We present
the analogy for the continuity and momentum equations in this
section and consider the energy equation as a supplementary
equation that does not necessarily need to be fitted to an ex-
tended analogy. As a start in the analogy implementation, we
confine the discussion to Euler flows; however, Darbandi and
Schneider® provide the details for including diffusion terms in
the analogy.
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The analogy is introduced in two steps. As the first step, we
study the conservation equations at the control volume level.
The steady form of the Euler conservation equations could be
integrated over an arbitrary control volume. The details of in-
tegration for the momentum component procedures can be
found in the literature for both one-dimensional'® and two-
dimensional'® cases. For an incompressible flow, the integrated
equations for an arbitrary control volume are written as

f [ui + vj1-dS =0 4)
f [ui + Wuj + p*i]-dS =0 5)
J' [@wi + (vvj + p*]-dS =0 (6)

where S means integration over control surface and p* = p/p.
Here, u, v, and p* are considered as the dependent variables.
All other parameters in parentheses are the nonlinear parts of
the equations, which, in turn, need to be linearized. Alterna-
tively, for a compressible flow, the analogous equations are
written as

J' [fi + gjl1-dS =0 (7
J' [ fi+ W) fj+ pi]l-dS =0 (8)
f [(wgi + (v)gj + pjl-dS =0 9)

Here, f, g, and p are considered as the dependent variables.
Now, if these two sets of equations, Eqs. (4-6) and (7-9), are
compared, it is seen that they are identical except for their
vector of dependent variables. The advantage of this similarity
is discussed following the second step. As the second step, we
study the nonconservative form of the governing equations.
This nonconservative form may be selected as either the main
governing equations for solving the flowfield, or the equations
for deriving integration point expressions in control volume
methods to connect integration point values to the main grid
point values. For incompressible flow, the steady form of the
Euler equations is given by

du X_y (10)
ax ady

du du  Ip*
u= 4= (11)
0x dy 0x

d v ap*
u—v+v—+L=O (12)
Jx

Here, u, v, and p* are the dependent variables. Alternatively,
for compressible flows, the Euler equations are written as

J J
A3k, (13)
ax ady
5} J J
u—f+v—f+—p=terms (14)
0x dy 0x
d d J
u—g+v—g+—p=terms (15)
ax ady dy

Here, f, g, and p are the dependent variables. There are two
more terms on the right-hand side (RHS) of the momentum
equations that are a result of the nonlinear convection terms.
These terms vanish in the incompressible limit. A comparison
of Eqgs. (10-12) and (13- 15) shows that their forms are iden-
tical except for the choice of dependent variables and the
source terms. Therefore, according to this analogy, incom-
pressible methods that use u, v, and p* as the dependent var-
iables could be extended to solve compressible flow if they
use f, g, and p as dependent variables and treat the source terms
properly. In other words, while preserving the abilities of in-
compressible methods, the algorithm attains the advantages of
being applicable to compressible flows.

This feature of the analogy is of special interest for the de-
velopment of methods that solve compressible and incompress-
ible flows, including very low-Mach-number flows, by a single
algorithm. To realize the advantages of the analogy, the present
method is established based on an algorithm that uses f, g, and
p as the dependent variables. In this regard, the governing equa-
tions are written and treated in a manner that is consistent with
the f, g, and p formulation. The next section considers the role
of the analogy in the computational procedure.

Computational Modeling

The governing equations are first integrated over an arbitrary
control volume that results in

J' dv + f(dvi + 9j)-dS = J' Ri + Tj)-ds (16)

A simple form of these equations was introduced in the Flow
Analogy section, i.e., Eqs. (7-9). The process of integration
is briefly explained here. Surface integrations can be broken
into eight subintegrations over eight subsurfaces of each con-
trol volume (Fig. 1)

f d°1/+zf(w+<@,)ds zf(%1+Jj)dS

)]

where j indicates the subsurface number. Because the method
is fully implicit, all terms except the transient term are eval-
uated at the advanced time, and the transient term is approx-
imated by a lumped mass approach, i.e.,

e Qi*Q?
[ar-n(258)

where i indicates the control volume number and J; is the Ja-
cobian of transformation. The nonlinear density in Q is line-
arized using the equation of state.'' On the other hand, a
linear variation of the integral argument is considered for each
subsurface integral. As a result, the value of the surface inte-
gral is approximated by the value at the midpoint of that sub-
surface, i.e., integration point, times the area of the subsurface.
By this midpoint approximation, the arguments of the integrals
are taken out of the integral and the areas of the subsurfaces
are computed as (AS,); = [ dS, and (AS,); = [, dS,. The sub-
stitution of the preceding approximations in Eq. (17) results in

Q,’ - Q;' 8 o
JiA—e + {z [F(AS,) + (g(ASy)]S/

Jj=l1

- > (RS + g(ASy)]S/} =0 (19)

where i indicates the control volume number. This general
equation consists of all transient, convection, and diffusion flux
terms of the four governing equations.
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Recalling the definitions of F, 9, ®, and 7 in Egs. (2) and
(3), it is apparent that they are nonlinear with respect to the f,
g, p, and t dependent variables. To use linear algebraic equa-
tion solvers, the preceding system of equations must be line-
arized. As the first step, the nonlinear parts of F and 9 are
linearized. At this stage, we simply linearize them with respect
to f, g, and h. By using momentum component variables, lin-
earization is not needed for the continuity equation. Therefore,
Eq. (2) is linearized in the form

F ~ (f, af + p, ag, fh)" (20a)
G ~ (g, vf, vg + p, gh)" (20b)

The nonlinear convection term in the energy equation is further
linearized with respect to the temperature variable. This results
in

Fh ~ @2)f + vg + 2c,p0) 1)
gh ~ (F12)(f + vg + 2¢,pt) (22)

Details regarding other possible linearizations for ¥ and ¥ are
given by Darbandi.” The lagged velocities in this section are
computed using # = f/p and v = g/p. The lagged densities at
integration points are computed by the substitution of the in-
tegration point temperature and pressure in the equation of
state. Here, the other lagged values are calculated explicitly
from known values of the previous iteration.

In the next stage, the nonlinear terms in the diffusive fluxes
R and T are linearized. They are linearized by using an ap-
proximation similar to du/dx ~ [(1/p)dflox] — [(@/p)ap/ox]
for du/dx terms. The second term on the RHS of this equation
is lagged, and the first term is treated by using the finite ele-
ment shape function derivatives. In addition, the extra nonlin-
earities of the u and v velocity components in the o, and o,
expressions are removed by lagging them.

After the conservative treatment of the governing equations,
we pay attention to the integration point variables, which ap-
pear as unknowns in formulations, e.g., Eqs. (20-22). The
unknown integration point variables cannot be added to the
major nodal unknowns of the domain, because the number of
unknowns would exceed the number of algebraic equations.
This difficulty is removed by expressing the integration point
variables in terms of nodal ones. The connection could be as
simple as a bilinear interpolation, which is the case for treating
the pressure variable. However, more caution is needed to find
the proper connections for the momentum components and
temperature at the integration points. They are derived from
the nonconservative form of the governing equations.' For
example, to derive f, the x-momentum equation is written as

9 9 a d 3
LI th—ffpv2u=f—p+ﬂ+u L y,2L
a9 as ax a0 as

(23)

where Vi = Vii© + v, This is the extended form of Eq. (14),
which was introduced in the Flow Analogy section. The con-
vection terms in the left-hand side of Eq. (14) have been com-
bined and written in a streamwise direction in Eq. (23). In
addition, the source terms on the RHS of Eq. (14) are calcu-
lated by lagging the terms inside the parentheses in Eq. (23).
IT stands for the remainder of the viscous terms. The discret-
ization of this equation results in an expression that connects
f, named convected, at the integration point to F and P at the
nodes.

Because the current method uses a collocated grid approach,
a mechanism is needed to suppress the decoupling problem.
Investigation has shown that the dual definition of the mo-
mentum components at the integration points removes the pos-

sibility of the velocity- pressure decoupling problem.'® In this
regard, the additional f at the integration point is derived by
incorporating the continuity equation error in Eq. (23), i.e.,

9 9 o) 9 0
—f+th—ff;LV2u=f—p+H+u LI 4
a0 as dx ax  dy

ap ap
+ 2=+ Vi— 24
u( ) nas> (24)

This equation is still consistent with Eq. (14). The only dif-
ferences between Eqs. (14) and (24) are in the weight of the
source terms on their RHS. The discretization of Eq. (24) re-
sults in another expression for f, named convecting, which is
substituted in the continuity equation. A similar process for the
y-momentum equation results in the convected and convecting
expressions for g. The appropriate substitution of convected
and convecting parameters in the governing equations com-
pletely suppresses the decoupling problem. Note that we do
not apply the flow analogy to all steps of the computational
treatment. The extension of the flow analogy for the equations
from which integration point expressions were derived in no
way degrades its power. The conservative treatment, which
was presented at the beginning of the Computational Modeling
section, is quite consistent with the extended analogy and can
benefit from its advantages.

Results and Discussion

In the following subsections, the analogy is examined for
solving both compressible and incompressible flows. Contrary
to the constant density assumption for incompressible flow, the
density is derived from the equation of state in the compress-
ible flow case. However, the results show identical perfor-
mance in the incompressible limit for both cases. Volpe® ex-
amines three different compressible Euler and Navier- Stokes
solvers at different low Mach numbers and deduces that the
number of iteration cycles to reach the convergence criterion
is excessively high. In the following test problems, there may
appear to be a minimum low Mach number for each case;
however, this does not mean that it is the lowest possible Mach
number that could be solved by the present algorithm. It is the
Mach number that definitely reveals the characteristic of real
incompressible flow. Because the intent of this work is to dem-
onstrate the procedure, a direct sparse solver is used for the
computations. Thus, it is not relevant to present computational
times for solutions in this work at this time.

Cavity Flow Problem

The first model problem is the two-dimensional cavity
driven by the movement of its lid. The ability of the current
method to detect the separate recirculating regions of the in-
compressible cavity was previously demonstrated by solving
high-Reynolds number cavity flows,'” e.g., Re = 7.5 X 10°.
Here, we are not directly concerned with the ability of the
method in solving high-Reynolds number cases, but rather in
the performance of the analogy. Hence, a cavity problem with
a grid of 31 X 31 is selected to study the flow at Re = 1 X
10°. The cavity has a unit length scale and all velocities are
nondimensionalized by the lid velocity.

The flows for five different Mach numbers are investigated
for the compressible case. Figure 2 illustrates the u- and v-
velocity profiles at the centerlines of the cavity. It presents the
results of both incompressible and compressible flows from
very low Mach numbers to sonic speed. These velocity profiles
have been compared with the incompressible results of Ghia
et al.,”* who use a grid of 129 X 129. The results of both
compressible and incompressible algorithms are similar. This
independence of the solution to Mach number in the cavity
problem has also been reported by other researchers.'® It relates
to the velocity distribution inside the cavity where most of the
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region experiences incompressible conditions, i.e., M < 0.3.
This causes a sharp drop in compressibility effects except for
the cavity lid. In addition, the pressure field inside the cavity
is almost constant except in regions close to the leading and
trailing edges of the moving lid. This results in an almost con-
stant density field in the cavity. Figure 3 compares the con-
vergence history of F' for all test cases; it indicates identical
behavior. This feature is not found in the conventional com-
pressible flow solvers or even in their modified versions, which

U distribution on the vertical center line
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Fig. 2 Centerline velocity profiles for the cavity problem with
Re =13 10
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Fig. 3 Comparison of convergence histories in cavity with Re =
13 10°

solve for incompressible flows.” The test of a cavity with Re
=1 X 107 results in similar conclusions.

Table 1 compares the convergence history of the current
method with that of Pletcher and Chen'® over a range of Mach
numbers for a cavity with Re = 1 X 10° and a grid distribution
of 19 X 19. The comparison is performed for both precondi-
tioning and nonconditioning procedures. In Table 1, NOI
stands for the number of iterations, and NA means the case is
not available. For the nonconditioning scheme, it was not pos-
sible to use the same time step over a wide range of Mach
numbers. The preceding authors were not able to reduce the
number of iterations for the nonconditioning case to the level
achieved with preconditioning when the Mach number was
lower than 0.8. However, the performance of the current work,
indicated by the low number of time steps to achieve conver-
gence, is excellent. The convergence for the current study was
determined for the steady calculations when the rms of all
dependent variables reached 10™°. The convergence criterion
for Chen and Pletcher'” applied to successive iterations in an
approximate factorization procedure, hence, a direct compari-
son of the number of iterations is not meaningful; however,
the stable performance of the current method over a wide
range of Mach numbers is noteworthy. The computational time
for the current work is 0.0027 s/node/iteration on the Sun
Ultraspark 1 model 200E machine.

Channel Entrance Flow

The schematic development of a laminar flow at the entrance
of two semi-infinite straight parallel plates is seen in Fig. 4.
The distance between the two plates is H = 1. In this test, all
lengths are nondimensionalized by H and velocities are non-
dimensionalized by U, Because of the symmetrical nature
of this problem, only the upper half-channel is calculated. This
test problem has been extensively investigated by the incom-
pressible algorithm of the current method.”” The velocity pro-
file within the developing zone may have two maxima at lo-
cations other than the centerline. The strength of these maxima
has been extensively studied for Re = 2 X 10° by Darbandi
and Schneider.”” Here we are not directly interested in either
the overshoots or their magnitudes, but in the performance of
the analogy.

Figure 5 illustrates the centerline velocity distributions for
incompressible flow and four compressible flows with inlet
Mach numbers of 0.001, 0.01, 0.05, and 0.1. The grid distri-

Table 1 Comparison of the results with different compressible
schemes in cavity flow with Re = 1 3 10>

No conditioning” Preconditioning’ This work®
Mach AB NOI NOI NOI
10°° NA NA 52 7
107 NA NA 52 7
1072 0.00025 2123 NA 7
0.1 0.03 264 52 7
0.2 0.1 138 52 7
0.4 0.2 68 52 7
0.8 0.3 51 52 7
1.0 NA NA 53 7

ZMethod of Pletcher and Chen'® with different Af.
Method of Pletcher and Chen'® with A® = 1000.

‘A6 = 1000.
y
!
N developing zone developed zone
'ﬁ| ___________________________ = R V. X
I

Entrance Length

Fig. 4 Developing and developed regions.
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U distribution on centerline grid
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Fig. 5 Centerline velocity distributions in entrance region, Re =
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Fig. 6 Comparison of convergence histories for solving entrance
flow, Re =2 3 10"

bution is 41 X 21 for a full width of channel and Re = 2 X
10'. The compressible results are identical to the incompress-
ible ones as long as the compressibility effects are not impor-
tant, e.g., M = 0.01. However, compressibility effects grow as
the inlet Mach number approaches 0.1. The results of the cur-
rent method are compared with those of Morihara and Cheng,*®
who solve the quasilinear Navier- Stokes equations for incom-
pressible flow. In addition, they are compared with the com-
pressible results of Chen and Pletcher'® at M = 0.05. Generally
speaking, the agreement between the results is excellent. Re-
garding the mesh refinement issue, Darbandi and Schneider®
show that the effect of mesh size in improving the centerline
velocity behavior is small and that the presented results in Fig.
5 are mesh independent. Figure 6 compares the convergence
histories for different test cases. The low number of time steps
to achieve the rms criterion of 1077 for all dependent variables
is excellent. All of the results were obtained by specifying
constant mass flux at the inlet boundary.

Figures 7 and 8 present the results for Re = 2 X 10°. Here,
the grid distribution is 101 X 11, which is considerably lower
than that of Morihara and Cheng® and AbdulNour,” who solve
the incompressible Navier-Stokes equations. AbdulNour
solves the stream function-vorticity form of the Navier-
Stokes equations implementing second-order boundary condi-
tions. AbdulNour’s distribution shows an abrupt jump at the
inlet of the channel. The results of Carvalho et al.*® have also
been presented here. Their method of solution, the integral
transform method, is applicable to high Reynolds numbers,
Re — . The solutions in the entrance region approach the
asymptotic solution when Re — . The results of the present

U distribution on centerline grid
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Fig. 8 Comparison of convergence histories for solving entrance
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solution at high Reynolds numbers provide excellent agree-
ment with the asymptotic solutions. As seen in Fig. 8, the
convergence rate is diminished for the low-Mach-number case
of M = 0.001. The reason for this behavior is not yet clear to
the authors.

Next, the entrance cases of Chen and Pletcher,'”” who solve
for all speed flows, are selected and their results are compared
with the results of our method. There are four test cases with
inlet Mach numbers of 0.05 and with grid distributions of 21
X 11,21 X 11,31 X 11, and 41 X 11 for the nondimensional
channel lengths of 2, 4, 30, and 3000, respectively. Reynolds
numbers are also 5 X 107", 1 X 10', 7.5 X 10', and 75 X
107 respectively. Here, the Reynolds number is based on the
inlet velocity and the half-width of the channel. The mesh
distribution is a nonuniform one, which is different from those
used by Ref. 15. Table 2 presents the results of this compari-
son. The number of time steps to achieve the rms criterion of
10" for all dependent variables is significantly lower for the
current analogy-based procedure. However, for Re =5 X 107/,
the number of time steps is not as low as for the others. In
this regard, attention must be drawn to the special treatment
required for the small region of highly viscous flow.” As for
Table 1, the stable performance of the current method over a
wide range of Reynolds numbers has been demonstrated for
this test case.

Converging - Diverging Nozzle Flow

The third test problem is a hyperbolic planar converging-
diverging nozzle flow. The geometry of this symmetric nozzle
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Table 2 Number of time steps for solving compressible entrance flow

with M = 0.05
Re 5% 107" 1 % 10" 7.5 X 10" 75 X 102
Chen and Pletcher' 25 42 87 200
This work 6 3 3 3
2 025 Density distribution on center grid and walls
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Fig.9 F,M, r,and T distributions for four low-inlet Mach num-
bers in nozzle flow.
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Fig. 10 Comparison of convergence histories for solving nozzle
flow.

is given by y = V1 + 3x? where —1 < x < +1, with a tenfold
stretch in the x direction. Computations were performed for
this model using the Euler equations. The results have been
obtained for the upper half-nozzle using a 51 X 11 uniform
grid distribution. Slip boundary conditions were applied at the
walls. Back pressure and mass flow were specified downstream
and upstream of the nozzle, respectively. Temperature was also
specified at the inlet and the energy equation was closed for
boundary control volumes at the outlet, considering zero dif-
fusive flux. The specified values at the inlet and exit are used
to present nondimensional results. For example, pressure is
nondimensionalized with the back pressure. For the initial con-
dition, the flow was considered to be at rest and having am-
bient pressure and temperature at all grid locations.

This test problem was solved for a number of low-Mach-
number compressible flows with M = 0.001, 0.01, 0.05, and
0.1. Figure 9 shows different distributions along the centerline
of the nozzle for four test cases. The density becomes uniform
at lower Mach numbers along with other flow parameters. The
convergence histories for these test cases have been depicted
and compared with incompressible flow in Fig. 10. The be-
havior for M = 0.1 is because of the compressibility effects
that appear in higher Mach numbers. In other words, although

4 2 0 2
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Fig. 11 Density distributions for three different Mach numbers
at throat of nozzle.
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Fig. 12 Mach distributions for three different Mach numbers at
throat of nozzle.

at the very low Mach number of M = 0.001 the result is def-
initely identical with the incompressible one, a departure is
seen for higher-Mach-number flow, where the compressibility
is somewhat effective. This departure is more serious for M =
0.1.

Next, the method was applied to higher-Mach-number com-
pressible flows. In this regard, the inlet velocity is appropri-
ately specified to capture the three Mach numbers of 0.5, 0.8,
and 0.95 at the throat. The resulting density and Mach distri-
butions at the walls and along the centerline of the nozzle are
depicted in Figs. 11 and 12. They are compared with the exact
solution of one-dimensional isentropic flow through a nozzle.
There is excellent agreement with the exact solutions. There
are several reasons for a slight deviation between the two so-
lutions at the nozzle throat. The nozzle geometry, the sensitiv-
ity of the flow parameters at the vicinity of the throat, and the
mesh size are important factors that affect the solution.”*
Generally speaking, Figs. 11 and 12 present excellent perfor-
mance of the algorithm for solving high-Mach-number sub-
sonic flows. It should be noted that the numerical solution must
obtain a symmetric distribution to the left and right of the
throat section. This symmetry is well demonstrated in the pre-
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MACH distribution for isentropic nozzle
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Fig. 13 Comparison of results of supersonic nozzle with one-di-
mensional exact and Karki® solutions.

ceding figures. Identical values of the parameters, particularly
the pressure, at the inlet and outlet of the domain demonstrate
the ability of the method in solving the Euler flow equations.

Finally, the method is tested for a mixed subsonic-super-
sonic flow. The grid distribution is 51 X 13. In this case, a
pressure ratio of P./(Po)i, = 0.795 produces a shock at section
A/A* = 1.31 with a strength of M,/M, = 2.575. The centerline
Mach distribution is illustrated in Fig. 13 and compared with
other solutions. Karki®' solves this test case using a quasi-one-
dimensional algorithm. The ability of the current method to
predict the location and the strength of the shock is note-
worthy. The smearing in the front of the shock is from the
integration point temperature calculation. A total of 182 time
steps were executed to achieve the rms iteration change of 107
for the dependent variables.

Conclusions

A flow analogy between compressible and incompressible
equations was introduced and extended in this paper. In this
regard, the conservative and nonconservative forms of the
compressible and incompressible governing equations were
studied and compared. The comparison shows that if the mo-
mentum components and pressure are selected as the depen-
dent variables, there will be an analogy between the governing
equations that enables existing incompressible methods to
solve compressible flow. The analogy was developed for both
the control-volume formulation and the integration-point ex-
pressions, because the method employed in this work is a con-
trol-volume-based method with a collocated grid arrangement.
The analogy was demonstrated by testing three different test
cases of cavity, entrance, and nozzle flow problems. In each
test case, the incompressible limits of compressible flow verify
the incompressible flow behavior. A comprehensive compari-
son, including the convergence history of the solution, shows
that the compressible formulation of this work using a perfect
gas assumption performs well when a constant density field
exists, as in the incompressible limit.
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